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Unifying renormalization group and the continuous wavelet transform
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Space Research Institute RAS, Profsoyuznaya 84/32, Moscow, 117997, Russia∗
(Dated: May 26, 2016)
It is shown that the renormalization group turns to be a symmetry group in a theory initially
formulated in a space of scale-dependent functions, i.e, those depending on both the position x and
the resolution a. Such theory, earlier described in [1, 2], is finite by construction. The space of scale-
dependent functions {φa(x)} is more relevant to physical reality than the space of square-integrable
functions L2(Rd), because due to the Heisenberg uncertainty principle, what is really measured in
any experiment is always defined in a region rather than point. The effective action Γ(A) of our
theory turns to be complementary to the exact renormalization group effective action. The role of
the regulator is played by the basic wavelet – an ”aperture function” of a measuring device used to
produce the snapshot of a field φ at the point x with the resolution a. The standard RG results for
φ4 model are reproduced.
PACS numbers: 03.70.+k, 11.10.Hi
INTRODUCTION
Renormalization group (RG) was discovered by
Stueckelberg and Petermann as a group of infinitesi-
mal reparametrizations of the S matrix emerging after
the cancellation of ultraviolet divegences [3]. The RG
method has become known in quantum electrodynamics
(QED) since Gell-Mann and Low, using the functional
equation for the renormalized photon propagator, have
shown the charge distribution surrounding a test charge
in vacuum does not at small distances depend on a cou-
pling constant, except for a scale factor, i.e., possesses a
kind of self-similarity, that enables to express a ”bare”
charge at small scale using the measured value at large
scale [4]. This result was latter generalized for massive
propagators and vertices in QED using the theory of the
Lie groups, from where the term renormalization group
comes [5]. The latter result does not refer to the exis-
tence of the ”bare” charges and is just a set of group
functional relations between the vertices and the propa-
gators at different scales.
The RG method has become popular in utmost all
branches of science when entered both the statistical
physics and the field theory as a method of treating fluc-
tuations of different scales not all at once, but succes-
sively scale by scale [6, 7]. This resulted in an elegant
theory of critical phenomena and was later generalized
to many other stochastic systems [8].
Interestingly, the same idea of separating the fluctua-
tions of different scales has been implemented, basically
in experimental data processing, in a quite different way:
using wavelets. This was first done in geophysics [9, 10],
and then spread over all possible data, from face recog-
nition and medical imaging to high energy physics and
cosmology [11]. The only intersection of the RG and the
wavelet method seems to be the the lattice regularization
in quantum field theory (QFT), which can be performed
either by standard lattice methods, or by using the the
discrete wavelet basis [12–14]. The connections between
these two seemingly different methods are still missing.
The present paper is an endeavor to unify the RG
method with the continuous wavelet transform. To make
the consideration simple a theory of a massive scalar field
in Euclidean space is considered.
To illustrate the method we start with Euclidean scalar
field theory with φ4 interaction in Rd defined by the gen-
erating functional
Z[J ] = N
∫
exp
(
−SE[φ] +
∫
J(x)φ(x)ddx
)
,
(1)
where SE [φ] =
∫
ddx
[
1
2
(∂φ)2 +
m2
2
φ2 +
λ
4!
φ4
]
is the Euclidean action of the theory, N is a formal nor-
malization constant. The connected Green functions are
given by functional derivatives:
G(n) =
δnW [J ]
δJ(x1) . . . δJ(xn)
∣∣∣∣
J=0
, (2)
where W [J ] = lnZ[J ] is the connected GF generating
functional.
The effective action functional is defined via the Leg-
endre transform of W [J ]:
Γ[φ] = −W [J ] +
∫
J(x)φ(x)ddx. (3)
The functional derivatives of the effective Γ[φ] are the
vertex functions Γ(n). For the above considered scalar
field theory (1) the (renormalized) vertex function Γ(4)
accounts for the value of the coupling constant at certain
(IR) scale λ = λPhys. On the other hand, the pertur-
bation expansion of the Green functions starts with the
bare value of the coupling constant λ=λ0, which corre-
sponds to the interaction strength on certain (UV) scale
2to be dressed by interactions. If the theory is subjected
to the UV cutoff Λ, in one loop approximation, we get
Γ(4) = λ0 −
3
2
λ20
∫
Λ
ddq
(2pi)d
1
q2 +m20
+O(λ40), (4)
so that the inversion of this formula with respect to λ =
λPhys yields the increase of the interaction strength for
the small scales: λ0 = λ+
3
2λ
2
∫
Λ . . . . Similar results are
obtained with dimensional regularization scheme [15].
In the next two sections I’ll remind the construction
of the scale-dependent field theory using wavelets and
present the scale dependence of the vertex functions in
one loop approximation. The differences between the
multiscale theory and the standard one are outlined in
Conclusions.
FIELD THEORY IN WAVELET
REPRESENTATION
Continuous wavelet transform is a generalization of the
Fourier transform for the case when the scaling proper-
ties of the theory are important. Referring the reader
to general reviews on wavelet transform [11, 16], and to
the original papers devoted to the application of wavelet
transform to quantum field theory [1, 2, 17], below we
remind the basic definitions of the wavelet formalism of
quantum field theory.
Let H be a Hilbert space of states for a quantum field
|φ〉. Let G be a locally compact Lie group acting tran-
sitively on H, with dµ(ν), ν ∈ G being a left-invariant
measure on G. Similarly to the Fourier representation
|φ〉 =
∫
|p〉dp〈p|φ〉, any |φ〉 ∈ H can be decomposed with
respect to a representation U(ν) of G in H [18, 19]:
|φ〉 =
1
Cg
∫
G
U(ν)|g〉dµ(ν)〈g|U∗(ν)|φ〉, (5)
where |g〉 ∈ H is referred to as an admissible vector, or a
basic wavelet, satisfying the admissibility condition
Cg =
1
‖g‖2
∫
G
|〈g|U(ν)|g〉|2dµ(ν) <∞.
The coefficients 〈g|U∗(ν)|φ〉 are referred to as wavelet
coefficients. If the group G is Abelian, the wavelet trans-
form (5) coincides with the Fourier transform.
Next to the Abelian group is the group of the affine
transformations of the Euclidean space Rd:
G : x′ = ax+ b, x, b ∈ Rd, a ∈ R+. (6)
(For the sake of simplicity we assume the isotropic ba-
sic wavelet g and drop the SO(d) rotation factor.) The
unitary representation of the affine transform (6) with
respect to the isotropic basic wavelet g(x) can be written
as follows:
U(a, b)g(x) =
1
ad
g
(
x− b
a
)
. (7)
(In accordance to previous papers [1, 2] we use L1 norm
[16, 20] instead of usual L2 to keep the physical dimen-
sion of wavelet coefficients equal to the dimension of the
original fields).
Wavelet coefficients of the Euclidean field φ(x) with
respect to the basic wavelet g(x) in Rd are
φa(b) =
∫
Rd
1
ad
g
(
x− b
a
)
φ(x)ddx. (8)
The function φ(x) can be reconstructed from its
wavelet coefficients (8) using the formula (5):
φ(x) =
1
Cg
∫
1
ad
g
(
x− b
a
)
φa(b)
daddb
a
. (9)
The normalization constant is readily evaluated using
Fourier transform: Cg =
∫
∞
0
|g˜(a)|2 da
a
.
Substituting (9) into the field theory (1) we obtain the
generating functional for the scale-dependent fields φa(x)
ZW [Ja] = N
∫
Dφa(x) exp
[
−
1
2
∫
φa1(x1)D(a1, a2, x1 − x2)φa2(x2)
da1d
dx1
a1
da2d
dx2
a2
−
∫
V a1,...,a4x1,...,x4 φa1 (x1) · · ·φa4(x4)
da1d
dx1
a1
da2d
dx2
a2
da3d
dx3
a3
da4d
dx4
a4
+
∫
Ja(x)φa(x)
daddx
a
]
, (10)
with D(a1, a2, x1−x2) and V
a1,...,a4
x1,...,x4
denoting the wavelet
images of the inverse propagator and that of the interac-
tion potential.
Therefore WW [Ja] ≡ lnZW [Ja] is the generating func-
tional of the connected Green functions for the scale-
dependent fields 〈φa1(x1) · · ·φan(xn)〉c. We can define
the effective action functional
Γ[φa] = −WW [Ja] +
∫
Ja(x)φa(x)
da
a
ddx, (11)
which accounts for the 1PI Green functions of the scale-
dependent fields; with all functional derivatives assumed
with respect to the measure da
a
ddx.
3The Feynman diagram technique for the scale-
dependent fields φa(x) is the same as for ordinary fields
except for [1, 21]:
• each field φ˜(k) will be substituted by the scale com-
ponent φ˜(k)→ φ˜a(k) = g˜(ak)φ˜(k).
• each integration in momentum variable is accom-
panied by corresponding scale integration:
ddk
(2pi)d
→
ddk
(2pi)d
da
a
.
• each interaction vertex is substituted by its wavelet
transform; for the N -th power interaction vertex
this gives multiplication by factor
N∏
i=1
g˜(aiki).
According to these rules, the bare Green function in
wavelet representation takes the form
G
(2)
0 (a1, a2, p) =
g˜(a1p)g˜(−a2p)
p2 +m2
.
The finiteness of the loop integrals is provided by the
following rule: there should be no scales ai in internal
lines smaller than the minimal scale of all external lines
[1]. Therefore the integration in ai variables is performed
from the minimal scale of all external lines up to the in-
finity. This corresponds to the assumption, that studying
a system from outside one should not used functions with
resolution better than the finest experimentally available
scale. The integration over all scales will certainly drive
us back to the known divergent theory.
RENORMALIZATION
Being originated as a method of eliminating diver-
gences, the RG technique has further evolved to a func-
tional method, referred to as the functional, or exact,
renormalization group [22–24], which deal with the so-
called effective average action Γk [25, 26], which accounts
for the fluctuations of momenta greater than k. In this
way the effective action Γk is a functional of fields from
which the physical properties at a given scale can be com-
puted. The IR limit of the effective action is the exact
action, Γk→0 = Γ; in the UV limit all fluctuations are
suppressed and the effective action turns to the bare ac-
tion Γk→Λ→∞ → Sbare.
Technically the effective action is constructed by the
addition of a quadratic regularization term
∆Sk[φ] =
1
2
∫
ddq
(2pi)d
φ(−q)Rk(q)φ(q)
to the Euclidean action of the theory. This leads to the
regularized generating functional
Zk[j] ≡ e
Wk[J] =
∫
Λ
Dφe−S[φ]−∆Sk[φ]+
∫
Jφ, (12)
so that Γk[φ] = −Wk[φ]−∆Sk[φ] +
∫
Jφ. The main in-
strument of the exact renormalization group is the flow
equation k ∂Γk
∂k
= . . . , which generates the RG flow from
large to small scales and allows to study the scale behav-
ior of the coupling constant if its value at some reference
scale is known.
What is proposed in this paper is in some way com-
plementary to the effective action Γk of the ERG, i.e., it
similar to Γ− Γk. Indeed, according to the above listed
Feynman rules for the multi-scale theory (see [1, 2] for
details), and to the definition of the effective action (11),
we can define the action functional Γ(A)[φa], where A is
the minimal scale of all external lines of the contribut-
ing diagrams. This functional Γ(A) incorporates the scale
components of all fields φa(x) with a ≥ A.
Physically the scale of observation a, at which the cou-
pling constant λ(a) is called λPhys, is not necessarily the
k → 0 limit: it may be large but finite size of the sys-
tem. Vice versa, the UV limit a → 0 should not nec-
essarily exist. In statistical physics a should not be less
than the mean free path, or less than the lattice con-
stant in solid state physics. In quantum field theory
the lima→0 φa(x) may have no physical meaning because
the infinitely small scale implies an infinitely high en-
ergy due to the Heisenberg uncertainty principle. In any
case, having the value of a coupling constant at certain
scale a = aPhys we ought to use the flow equation for
the wavelet effective action A ∂
∂A
Γ(A) = . . . to derive the
value of coupling constant at other scales.
We proceed with the φ4 theory at one loop level now.
Substituting the wavelet transform (8) into the action
(11) and applying the Fourier transform to the results
we get one loop contributions, shown in Fig. 1
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FIG. 1. Renormalized vertex functions. The renormalized
inverse propagator and the renormalized vertex functions in
φ4 theory are shown in one-loop approximation. Here and
after we assume −λ value for each vertex
The Γ(2) and the Γ(4) one-loop contributions to the
effective action
4Γ(A)[φa] = Γ
(0)
(A) +
∞∑
n=1
1
n!
Γ
(n)
(A)(a1, b1, . . . , an, bn)φa1(b1) . . . φan(bn)
da1d
db1
a1
. . .
dand
dbn
an
(13)
are shown in Fig. 1. They are
C2g
Γ
(2)
(A)(a1, a2, p)
g˜(a1p)g˜(−a2p)
= p2 +m2 +
λ
2
T dg (A), (14)
where d = 4 is the dimension of Euclidean space, A =
mmin(a1, a2) is the dimensionless scale of the tadpole
diagram, for the inverse propagator; and similarly,
C4g
Γ
(4)
(A)
g˜(a1p1)g˜(a2p2)g˜(a3p3)g˜(a4p4)
= λ−
3
2
λ2Xdg (A) (15)
for the one loop contribution to the vertex function. The
vertex functions Γ
(n)
(A) obey standard functional equations,
e.g., G2Γ(2) = gg¯
Cg
, which is a projection of the unity to
a given scale, so that the trace is 1.
The values of the one-loop integrals
T dg (A) =
Sdm
d−2
(2pi)d
∫
∞
0
f2g (Ax)
xd−1dx
x2 + 1
,
Xdg (A) =
∫
ddq
(2pi)d
f2g (qA)f
2
g ((q − s)A)
[q2 +m2] [(q − s)2 +m2]
, (16)
where s= p1+p2, A = min(a1, a2, a3, a4), depend on the
wavelet cutoff function
fg(x) =
1
Cg
∫
∞
x
|g˜(a)|2
da
a
(17)
for the chosen wavelet g.
For the simplest choice of the basic wavelet, as in [1],
g˜1(k) = −ıke−
k2
2 , we get the Gaussian wavelet cutoff
function fg1(x) = e
−x2 with Cg =
1
2 . The best choice
of the basic wavelet would be the apparatus function of
the measuring device which defines the space of func-
tions {φa(b)}. Working in Euclidean space we ought
to make some simplifying assumptions. So, using g1
as the basic wavelet we can easily calculate the beta
function and the anomalous dimension of the effective
mass in our model by taking the derivatives of equations
(14,15) with respect to the logarithm of scale variable
µ = − lnA + const. For the g1 wavelet in one-loop ap-
proximation (16) this gives the flow equations
∂λ
∂µ
= 3λ2α2
∂X41
∂α2
=
3λ2
16pi2
2α2 + 1− eα
2
α2
e−2α
2
,
(18)
1
m2
∂m2
∂µ
=
λ
32pi2α2
−
λ
16pi2
+
λ
16pi2
2α2e2α
2
Ei1(2α
2),
(19)
where α = Am is the dimensionless scale, Ei1(z) =∫
∞
1
e−xz
x
dx is the exponential integral of the first type.
For small α the equation (18) tends to the known re-
sult. The last term in (19) tends to zero for small α.
To show the group composition law for the scale-
dependent coupling constant λ(a), we have to analyze
a universal function F , that express the value of the cou-
pling constant at a certain scale a0 using its value at
another scale a2, which depends only on scale ratio and
the coupling constant value: λ(a0) = F
(
a0
a2
, λ(a2)
)
.
Let us assume a2 < a1 < a0 and consider the recursive
relation
F
(
a0
a2
, λ(a2)
)
= F
(
a0
a1
, λ(a1)
)
= F
(
a0
a1
, F
(
a1
a2
, λ(a2)
))
in one loop approximation for the scale dependence of
the coupling constant. Substituting
λ(a1) = λ(a2)−
3
2
λ2(a2)
∫ a1
a2
dµ(a)[one-loop] (20)
into
λ(a0) = λ(a1)−
3
2
λ2(a1)
∫ a0
a1
dµ(a)[one-loop]
we get
λ(a0) = λ(a2)−
3
2
λ2(a2)
∫ a0
a2
dµ(a)[one-loop] +O(λ4),
(21)
where the integrals over the measure dµ(a) were added.
Therefore the value of the coupling constant depends only
on its value at the reference scale and on the ratio of
scales.
CONCLUSIONS
The method of RG has got a clear physical interpre-
tation in the self-similarity picture of phase transitions.
Following K.Wilson [7], in the context of phase transi-
tions, the RG method is usually understood as the inte-
gration over small scale degrees of freedom is such a way
that the remaining large scale degrees of freedom gain
an interaction Hamiltonian different from the initial one
only by scale transformation of the fields and coupling
constants. This is accompanied by a coarse-graining pro-
cedure, performed at each iteration step. These itera-
tions can be represented by the same pair of the projec-
tion operatorsH and G, that are used in discrete wavelet
5transform, see e.g, [11]. The coarse-graining operator H
is often referred to as a low-pass filter, the ”details op-
erator” G is referred to as the high-pass filter. Starting
from some initial fine scale fields s0 the iteration goes to
coarse scales
s0
H
→ s1
H
→ s2
H
→ . . .sn
G
ց
G
ց
G
ց
d1 d2 . . .dn
with the details (d) integrated out at each step of it-
eration, and the final results formulated on (sn) space.
Since the same functional space H = L2(Rd), or l2(Zd),
is used for all steps of iteration, the coupling constant
obtained in such averaging process for the rescaled fields
ζνφ(ζx) is the effective interaction constant for all scales
larger than a given scale. Surprisingly, the pair of pro-
jection operators H and G have been already used in the
Ising model by G.Baker [27] – without knowing that was
a Haar wavelet, – who has thrown away the inter-block
interactions to meet the scaling results of K.Wilson [28]
(although the integrals were analytic in their full form).
The aim of the present paper was to show that in-
stead of a sequence of spaces {si}, which approximates
the functional space H of the considered problem, it is
possible to formulate the theory completely in terms of
the ”details spaces” , i.e. on ∪id
i space, which is dense
in H. In contrast to the nested sequence of si, the di
spaces are maximally uncorrelated and their sum repre-
sents the most compact record of information on the an-
alyzed function [11, 16]. It is clear from the considered
model that the order of integration from small scales to
large scales is not obligatory. Since the details spaces
of different spaces are independent, the integration can
be performed from large scales to small scales, adding
new details at each step down to the prescribed finest
scale A. This approach does not assume any divergences
[1]. The finest resolution scale A is restricted only by
the physics of the problem, and the existence of A → 0
limit is not required. Using the ”details spaces” instead
of the nested set of coarse-grained spaces we get rid of the
fields renormalization and yield only the renormalization
of parameters.
The interaction terms of the form φa1(b1) . . . φan(bn)
in the present formalism describe the interaction of the
field fluctuations of different scales, rather than the in-
teraction of all fluctuations up to a given scale, as in
the Wilson theory. The physics of universality, the pres-
ence of fixed points, etc., in this representation can be
attributed to the assumption that the scale invariance of
fundamental interactions may be of the same importance
as their internal symmetries, and we ought to formulate
the theory on the space ∪idi of functions φa(x) using
appropriate invariant measure. The difference between
the resolution a, and the ordinary variables, such as x, p,
etc, is that the resolution a is neither a dynamical vari-
able, nor a physical observable. (There is no Hermitian
operator of scale transformations in L2(Rd), unless it is
constructed artificially [13].) The resolution parameter a
can be only set for a given problem, or can be integrated
over all possible values.
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